ON AUTOMORPHISMS OF LIE ALGEBRAS
OF CLASSICAL TYPE

BY
GEORGE B. SELIGMAN

In two recent papers(!) ([12] and [13], the latter hereafter referred to as
(C)), W. H. Mills and the author have developed a structure theory for cer-
tain Lie algebras over arbitrary fields of characteristic different from 2 and 3.
This class of algebras is defined by axioms in (C), and its members will be
referred to as Lie algebras of classical type. They are closely related to semi-
simple Lie algebras over algebraically closed fields of characteristic zero, not
only in that such algebras are of classical type, but also in that nearly every
Lie algebra of classical type may be obtained from such an algebra of char-
acteristic zero by reducing its integral structure constants modulo a prime
and performing a suitable extension of the prime field [2; 3; 4; 15].

There are several reasons for seeking information about the automor-
phisms of these Lie algebras. In case the base field § is finite, recent investiga-
tions by Chevalley [2] have revealed new simple finite groups closely related
to the automorphism groups of the “exceptional” simple Lie algebras of
classical type over §. It would be of interest to obtain more precise informa-
tion as to the relations between these groups. If one is to make an analysis
of all normal simple Lie algebras over arbitrary fields of characteristic differ-
ent from 2 or 3 which become simple Lie algebras of classical type when one
passes to the algebraic closure (e.g., normal simple algebras with nondegener-
ate Killing forms), the techniques used in the past require a knowledge of
the automorphisms in the algebraically closed case [9; 10; 11; 17]. Since the
groups which occur as automorphism groups include several of the classical
groups our viewpoint represents an alternate, if perhaps devious, method for
getting information about the classical groups. In the case of the automorph-
ism groups of the exceptional algebras, the scarcity of knowledge on these
linear groups lends interest to any pertinent results. It is proposed to discuss
the meaning of our results for the various linear groups in a later paper.

The techniques utilized are basically of two kinds. First, the analogy of
simple Lie algebras of classical type with simple Lie algebras over algebrai-
cally closed fields of characteristic zero is refined so as to verify a number of
results on roots and the Weyl group in the general case. This procedure,
which is carried out in II, was developed for Lie algebras with nondegenerate
Killing forms by Curtis [3; 4], and our techniques are basically the same
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as his. Secondly, in"III and IV the transcendental techniques of Gantimacher
with exponentials [7] are replaced by the use of iterated exponentials which
are defined over all fields of characteristic different from 2 and 3. These map-
‘pings have been discussed from a somewhat different viewpoint by Chevalley
[2]. Considerable similarity with his techniques will be noted. The results on
the situation of the group of invariant [15] automorphisms in the full auto-
morphism group in the algebraically closed case are stated in V.

I. Automorphisms and standard Cartan subalgebras. Let ® be a Lie
algebra of classical type, in the sense of (C). Let ¢ be an automorphism of
¢ and © an abelian Cartan subalgebra relative to which (iii)—(v) of (C) are
satisfied (such a Cartan subalgebra will in the sequel be called a standard
Cartan subalgebra). Then 9o is again an abelian Cartan subalgebra of &,
and if =9+ > . L is the Cartan decomposition relative to §, we have
Q=90+ 2. L0, again a vector space direct sum. Moreover, if €,EQ,, then
[eao, ko] = [eah]o = a(h)eq0 for all LE $; that is, Qo is a root-space relative to
$0, and the corresponding root is a: a*(ho) =a(h). Thus Q=P+ D, L0 is
the Cartan decomposition of  relative to $o. Also [Ruo, o0 ] = [R, Lalo
is one-dimensional, and if a? is a nonzero root relative to ¢ and BE (Do) *,
then B=+7, where yEO* and B(ho) =v(k) for all hEP. Since y—v° isevi-
dently a linear mapping of $* onto (D) *, we see that if all the forms 8+ mar
= (y+ma)’ (m an integer) were roots relative to o, then all the forms y+ma
would be roots relative to 9, contrary to (v). Thus (iii)—(v) of (C) are satis-
fied by { relative to $o; Do is a standard Cartan subalgebra.

Now 8=%® - - - ®%, where the &; are nonabelian simple ideals satisfy-
ing the same axioms as & does ((C), Theorem 4). Then it is well known that
each Qio is an ¥, i.e., o permutes the &;. Of course, ;0 =%; is only possible if
¢ and &; are isomorphic simple algebras. If we collect all the isomorphic £,
in the decomposition =8,® - - - B, into blocks, then ¢ effects a permuta-
tion in each block. We cannot hope to achieve this permutation through
operations generated by the Lie product in the algebra, since these will al-
ways map each &; into itself. However, after performing one of the finite set
of all possible permutations of the £; in each block, we can replace ¢ by an
automorphism which maps each &; into itself. In this sense the problem of
describing all automorphisms of € is reduced to the case where € is simple.

We therefore assume & is simple, we let § be as above, and we letay, « - -+,
a, be a fundamental system of roots relative to . That is, ey, - - -, @, span
O*, o, —aj is not a root if 177, and the » Xr matrix (4,;) of rational integers
((€), (xiv) and §7) is nonsingular; moreover, (4;;) is srdecomposable: for
every 1#j, there [are indices %y=1, %1, %, + -+ -, % =j such that A4y, 70,
0=<v=k—1. Finally, there is a unique root 3 relative to § such that no 8 —a;
is a root, 1=¢=<r ((C), §10). Since the roots relative to $o span (Ho)*
and since a—a’ is linear from $* onto (Ho)* and maps the set of roots rela-
tive to § onto that relative to g, it follows that «f, - - -, af span (Ho)*.
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If of —af were a root for some 777, then so would be (a;’—a;’)"_l=a,-—a,~, a
contradiction. The integer A;;=4.,,, is determined by the conditions that
Ai;i=2, and if ¢#j, —A;;=m—1, where m is the first non-negative integer
such that a;+ma; is not a root. Now 4./ /=2 by definition, and —A4.7 o]
=¢—1, where ¢ is the first non-negative integer such that of+faj is not a
root. But a;+ma; is a root if and only if (o, +ma;)o=af+maj is a root rela-
tive to Ho. Thus m=t and A.{,«) =4, so that (4.]..7) is nonsingular and

indecomposable. Finally, 37 is the unique minimal root relative to of, - - - , of,
in the sense in which 8 is the unique minimal root relative to a4, - - -, a,.
Therefore af, - - -, af constitute a fundamental system of roots relative to

@0’, and (Aag,a‘; = (A”)

If e,50 is a root-vector (a>0) relative to some standard Cartan sub-
algebra § of &, then ad(e,): x—[xe.] is a derivation D of §, and D=0
(see [15]). Since the characteristic of § is not 2 or 3, A =exp (AD) is defined
by the exponential power series for each AE§, and 4 is an automorphism of
L. For p=5 and { of type G, a special treatment is required to show that 4
is an automorphism; in all cases other than Gs, D*=0 and no special argument
is required. The group of automorphisms generated by all these exp(A ad (e.)),
where N runs through § and where e, runs through a set of nonzero root-vec-
tors belonging to all nonzero roots relative to all standard Cartan subalgebras
9 of 8, will be called the group of invariant automorphisms of €, and will be
denoted by 3. In [15] we have shown that if § is algebraically closed, and if
91 and . are any two standard Cartan subalgebras of &, then there is an
invariant automorphism 4 such that $:4 = .. In particular, if § is a stand-
ard Cartan subalgebra and ¢ is an automorphism of &, then $o=94 for
some invariant automorphism A, and $ocA4 1= 9. Thus, in the algebraically
closed case, the use of invariant automorphisms reduces the study of auto-
morphisms to the investigation of those automorphisms which map a certain
standard Cartan subalgebra onto itself.

Let us summarize the results of this section.

THEOREM 1. Let ® be a simple Lie algebra of classical type, O a standard
Cartan subalgebra of R, and au, - - -, o, a fundamental system of roots relative
to ©. Let a be an automorphism of L. Then o is a standard Cartan subalgebra
of &, and if o is defined by a’(ha) =a(h) for each a EH*, then o’ is a root rela-
tive to o if and only if a is a root relative to ©. The mapping a—a’ is a linear
isomorphism of O* onto (Ho)*, and of, - - -, a7 form a fundamental system of
roots relative to Ho with Aof o] = Aa;.ai for all 4, j. If the base field is algebraically
closed, there 1is an invariant automorphism A of { such that Ho=DA.

11. Fundamental systems and the Weyl group. Let &, ,and oy, - - -,
be as in Theorem 1. For each 7, 1 <¢=r, let &; be that unique element of
[f_e,, 2a,] such that a;(k;) =2 (=2-1, where 1 is the unity of §). That such
a choice is possible and unique follows from (iv) and (xi) of (C). We define
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a linear transformation S,;=S; of $* by ¢S;:=¢d —d(h:)ai, pED*. vadently
S?=1, the identity transformation. If « is any root, then

(1) aSi = a — a(lzi) o = o — Aa,iai = a — Aa.iai,

where 7 is the residue class, in the prime field of §, of the rational integer #.
This equation follows from (xiv) of (C). But @a—A.,«; is a root, by the
definition of A, ;=A4,,., in (xiv) of (C); therefore each .S; permutes the roots
relative to §. Since the roots span $*, each S; is completely determined by
its effect on the roots alone. Thus the group B generated by the S; may be
regarded as a subgroup of the group of all permutations of the set of roots
relative to ®, and so B is a finite group. As in Theorem 16.1 of [16], we
could show directly that ® is independent of the chosen fundamental system
oy, - - -, a,. However, this result will be a corollary of the result in [16] after
we have proved Lemma 5 below. Meanwhile we shall anticipate this inde-
pendence by referring to B simply as the Weyl group of € relative to H.

Next we shall establish for Lie algebras of classical type a certain one-to-
one correspondence between the elements of the Weyl group and funda-
mental systems of roots relative to 9. Following an idea developed by Curtis
(Proposition 5 of [4]) for algebras with nondegenerate Killing forms, we
shall achieve this objective by setting up an “isoinorphism” between the sets
of roots of two simple Lie algebras of classical type, perhaps over base fields
of different characteristics, provided these two Lie algebras have the same
matrix (4;;) for certain fundamental systems. There is also associated with
this identification an isomorphism of the respective Weyl groups as trans-
formation groups acting on the roots. The desired results for € are then im-
mediate from the corresponding ones for simple algebras over algebraically
closed fields of characteristic zero.

Again let € be a simple Lic algebra of classical type, $ a standard Cartan

subalgebra, a1, - - -, o, a fundamental system of roots relative to . Then
there is a unique minimal root 6 relative to e, - - - , &, in the sense of I, and
if B is any root, there is a sequence 8, B—a;,, B—ai,—aiy -+, B—ay— « - -

—a;, =0 of roots, 1 £¢;=7 (0 is here regarded as a root). The non-negative
rational integer k= N(B) is uniquely determined by 8, and the integer L(B)
= N(B) — N(0) is called the level of 8. (These and the following are the results
of §11 of (C)). The function L has the properties:

(a) L(B) =0 if and only if 3=0.

(b) L(B)=1 if and only if B=a; for some ¢; L(B)=—1 if and only if
B= —a; for some 1.

(c) If L(B)>0, then B—a; is a root for some ¢; if L(8) <0, then f4a;isa
root for some 1.

(d) If o, B, and @+ are roots, then L(a+B) =L(a)+L(B3).

(e) L(—B)=—L(PB) for all roots .

We shall also need:
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(f) The matrix (4:;) is nonsingular (§§10 and 8 of (C)) and:

(g) lfa,B,v, - - - ,p, ¢ areroots relative to 9, and if a+6, a+B+7y, - - -,
a+B+ - - - +p are roots, then if {0, Aargs- 4o t=Aar+ - +4,;
(Lemma 3 of (C), Lemmas D and L of [12]).

LEMMA 1. Every root B with L(8) >0 is a term of a chain oy, aiy+ay, + - -,
ai,tain,+ - - Fai, =B (121, =Zr) where all terms are roots. The number t(B, 1)
of times which a; occurs in the sum a;;+ - -+ +a., is uniquely determined
by B. Moreover, 3 is not a term of any chain of roots of the form —ou, —oy
—tiy, o, —qy— - - - —a, =B, 154 Z7.

Proof. The existence of such a chain is readily proved by induction on
L(B). 1f L(B)=1, then B=q; for some 7, and we have the result. If L(8)>1,
then by (c) and (d), B—a;=7 is a root of level L()—1>0 for some a;. We

may assume the existence of a chain of roots ai;, as oy, -+ -, o+ -
+a;,=v. Thus we have the chain of roots a;, a;,+asy,  + -, a5+ -+ - +ay,
ayt - ta,toi=p.

If in a second such chain, we have f=o;,+ - - - +a;,, where each a;
occurs ¢'(8, 7) times, then by (g) above, we have
2 Apay = 2018, DAy = 22 18, §) 44, 15jsr

te=1 t==1

By (f), it follows that ¢'(8, 1) =¢(8, 1), 1Z1=Zr.

From (b) and (d), L(B)=s. If = —a;;— - -+ —ay, is also a term of a
“negative” chain, then from (b) and (d), L(8) = —u, a contradiction. Hence

Lemma 1 is proved.

Since —fB is a root if and only if B is a root, it follows by (e) and Lemma 1
that if L(B) <0, then there is a chain —a;, —oy—ag, -+, —oy—
—a;,=f of roots, where the number of times —a; occurs is unique and is
t(—B, 1), and that (8 is not a member of any “positive” chain. In this case, we
set ¢(B3, 1) = —t(—B, 1) £0, 1 £1=r. Then for every root 3, there is a uniquely
determined expression 8= »_i., t(8, i)a;, where the (8, ©) satisfy the above
conditions. We call this representation the canonical representation of B in
terms of the fundamental system ay, « - -, .

LeMMA 2. The set of all r-tuples of natural numbers (¢(8, 1), - - -, t(B, 7)),
formed for all roots 8, depends only on the matrix (A7), and is independent of
the base field.

Proof. Let I be a second simple Lie algebra of classical type relative to
a standard Cartan subalgebra ® over a base field € (of characteristic differ-
ent from 2, 3) and let o/, - - -, @/ be a fundamental system of rootsrelative
to & such that A4« =Aa,.q; for all 7, j. Let B be a root of  relative to 9, 8
= > ;t(B, i)a; its canonical representation. By symmetry it is enough to
show that there is a root 8’ of M relative to & with the canonical representa-
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tion B’ = D_; t(8, i)a}. Moreover, it is enough to treat only the case L(8)>0
(by the remarks immediately preceding this lemma).

Again we proceed by induction on L(8). If L(8) =1, then 8=a; for some
i, (B, ) =8, and a! = D>_; t(B, j)e! is the canonical representation of the
root af of M. Now let L(B)>1, and assume the result for all roots of € of
positive level less than L(8). By (C), B—a; is a root for some «;, and B#a;
since L(B8)>1. Let m be the smallest positive integer such that —(m+1)a;
is not a root of  Then 1=<m <3, the second inequality by the fact that
B8, B—ai, B—2ai, B—3a;, B—4a; cannot all be roots ((v) and (xvii) of (C)).
Now L(8—ma;)=L(B)—m <L(B), and L(B—ma;) >0 since if L(8—ma;) S0,
then either L(8—2a;) =0 or L(B—3a;) =0, and B=2q; or 8= 3a;. By (xvi) of
(C), neither of these can be the case, and L(B—ma;)>0. If a=B—ma;, we
have t(a, j) =t(B, j) —m?dij, since if oy, + + -, a5+ - - - +ai,=a is a chain for
o, the chain ay, « - -, ay+ -+ Fai, ay+ - - - Fai, oy, o, @+ 0
+a;,+ma;=p contains all a; for j#1 precisely ¢(«, j) times and contains o;
exactly t(a, 7) +m times. By assumption, there is a root o’ of I with canoni-
cal representation a’= »_; t(a, j)a/. But then by (g) we have

A3) Aaray = 2 e, ) Adja; = 2, Ho, ) Aji = Anya; S — m.
j J

Thus o/, a’+af, - - -, o' +mal =B’ are roots of M, and ¢(B’, j)=t(a’, )
=t(a, 7) =t(B, j) if j1, t(B’, 1) =t(a’, ©) +m=4t(e, 1) +m =1¢(B, 7). Thus 8’ has
the canonical representation 8’= Y_; ¢(8, j)a/, and Lemma 2 is proved by
induction. (It will be noted that Lemma 2 is essentially proved in [14] by
explicit computation of the roots.)

LeEMMA 3. Let & and I be simple Lie algebras of classical type over fields
S, G, respectively, with standard Cartan subalgebras O, 8 respectively. Let
ay, - -, o be a fundamental system of roots for & relative to O, af, - - -, 0} a
fundamental system of roots for M relative to R, and suppose that Aa;,a;=Aa; .«
=4, 151, j<r. Then there is a 1-1 mapping B—B’ of the set of roots of
relative to O onto the set of roots of M relative to R such that:

1) ai—al, 1Si<7r;

(2) of BB, then (—B)——p3;

(3) f o, B, and a+B are roots, then (a+p) =o' +0'; if « and B are roots,
and if o' +B’ is a root, then (a+B)' =a’+8';

4) Ao g=Aq g for all a, B;

(5) (BS:)'=PB'Sa, for all roots B and all i, 1 i <r.

Proof. Let 8 be a root of ® relative to §, 8= D_:¢(8, 1)a; its canonical
representation. We have seen in Lemma 2 that B—8’= D_; t(8, 7)o} defines a
1-1 mapping of the set of roots of € relative to © onto the set of roots of M
relative to ®. Moreover, ' = Z; (B, 1)a! is the canonical representation of
B’ relative to o, - - -, &/, and a;—a!, 1Zi=<r. Since —f= Y _t(—B, i)
=2 (=B, Dol = — 248, Dl = —B', (2) is satisfied. If , B, and a+B=7
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are roots of &, let v= Zt('y, 1)a; be the canonical representation of y. Then
v'= D _t(y, i)a! is the canonical representation of a root of I, as are o'
= > t(er, ©)a! and B’ = > t(B, ©)a!. Since y =a+p, we see by (g) that
@) Ay = 2t DAy = Au + Apey = 2 (U, 9) + (8,9) s,

1

1<j<r. Hence t(y, 2)=ta, 1)+t(B, 1), 1=2i=r, by (f), and &'+ =%’
=(a+p)’. A completely analogous argument establishes the converse part of
(3).

The result (4) follows from (3):ifa—¢B, - - - ,a—B, ¢, a+p, - - -, a+mf
are roots, and a— (¢+1)8 and a4 (m+1)B are not roots, where m and gare
non-negative integers, the corresponding assertion holds for the sequence
a’'—gB', - - -, a’ =B, a,a'+p, - -, a’+mB’. Thus Aapsg=q—m=A. p.
Finally, BS;=8—A4s,.,&; is a root; it will be enough to prove (5) in case
L(B)>0. First let B=a;; then 8S;= —a;and (8S:)'= —ai =a{ Sa; ='S,,. If
B#a;, let Ag.;=0; then L(BS;)>0 since § is not a multiple of «;. Now
BSi, BSi+ai, - - -, BSi+As.«,0:=0 are all roots, yielding ¢(B8, j) =¢(BS;:, j)
+Ap,0.8: t(BSi, ) =t(B, ) —Ap.a0ii=tB', j)—Ap,a/0:;=t(8"Ss, j) by the
same reasoning, 1=1, j<r. Therefore (8S:)'=p'S,,, 1=i=r. An analogous
argument proves (8S;)’=B"S,; if A, <0. Thus Lemma 3 is proved.

LEMMA 4. Let the notations be as in Lemma 3. Then if By, - - -, B- is any
fundamental system of roots for & relative to O, and if B{, - - -, B/ are their
images under the mapping B—pB’, then B{, - - -, B! is a fundamental system of
roots for M relative to ®, and Ag; 5, = Ap, s, for all 4, j. Conversely, if g, .- -,B;
is a fundamental system relative to &, then the preimages Bi, - - -, B, constitute
a fundamental system relative to ©, and Ag, p;=Ap, p; for all 1, j.

Proof. By the symmetry with its inverse of the mapping 8—f@’, and by
(4) of Lemma 3, it is enough to show that if 8, - - -, B, is a fundamental
system, then so is 8/, - - -, B/. Now if By, - - -, B, is fundamental, then by
Lemma 1 every nonzero root 3 relative to § occurs either in a chain of roots
Biy Biy+Biy - -+, B+ - - - +Bi,=B or in a chain —By, =By =B, - - -,
''''' —Bi,=B, 1 <4;=<r. Since the images B8’ exhaust all roots relative
to R, it follows from (2) and (3) of Lemma 3 that every nonzero rootf’
relative to & occurs either in a chain of roots 8;, 8; +8i,, - - -, Bi+ - - - +B,
=B’ or in a chain —B{‘, "‘8;,—3;2' cee, —,B{l— -« - —B;,=p". Thus
B, - -, B spans £*, since the roots span £*. Next, 81, - - -, B- is inde-
composable and (4g, 4,) is nonsingular; since Ag, 5, =Apg, s;, the same proper-
ties hold for 8/, - - -, B/). If B/ —f; were a root for some 757, then the pre-
image B8;—B; would be a root, contrary to assumption. Finally, let § be that
unique root relative to § such that no §—f; is a root. Then no &'—@/,
1<i=<r, is a root relative to &, and 8’ is a root relative to & with the same
property of minimality. If 4’ were a second root relative to § such that no
¥'—B! is a root, then no v —@3; would be a root, where v is the preimage of
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v’. By the uniqueness of 8, v =46, and v'=9’. Thus the proof of Lemma 4 is
complete.

LEMMA 5. With the notations of Lemmas 2 and 3, the mappings —0B and
Sa;—Sa, define an isomorphism of the Weyl group B relative to  (generated by
the Se.,), regarded as a transformation group on the roots relative to O, onto the
Weyl group By’ relative to R (generated by the Se, ), regarded as a transformation
group on the roots relative to ®. That is, the mapping So,—Sa, can be uniguely
extended to an isomorphism v of W onto W' such that for every root B relative to
O and for every SEB, (BS)' =p'S".

Proof. From (5) of Lemma 3, (3S. )’ B’S., for all roots B. It follows that,

in general, (650, Sa-k)’ B’Sa: <0 Se for all B and for 1<¢,5r Thus
if Sa; + 0 Say, —.S',IJ oo Sy then ;8’Sat + Se ,k—ﬁ’ o, Sayl, for all
roots B' relatlve to ,ﬁ‘ so that the mapping 7: (Sa, . S""k) =S - Sa',k

defines a homomorphism of W onto W’'. By symmetry, the mapping
w: (Sax; + + + Sa)*=Sa; - - Say, defines a homomorphism of B’ onto W
such that 7w is the identity on 8, wr the identity on ®’. Hence 7 is an
isomorphism with inverse w, and 7 is the only possible homomorphic exten-
sion to BW of the mapping S.,;—S.,;. By the above, we have (8S)’ =8'S"for all
roots 3 relative to § and for all SEW. This completes the proof.

THEOREM 2. Let § be a simple Lie algebra of classical type over a field § of
characteristic not 2 or 3. Let © be a standard Cartan subalgebra of ® and
oy, + ¢ -, o, a fundamental system of roots relative to O. Let B be the group gen-
erated by the Sa,. Then L is independent of the particular fundamental system
ay, -, A, chosen, and if Bi, - - -, Bs is a second fundamental system relative
t0 O, then s=r and there is a unique SC W such that By, - - -, B is a permuta-
tion of auS, - - -, a,S. For every SEB, 1S, - - -, a,S is a fundamental system
relative to 9.

Proof. First let & be a simple Lie algebra over an algebraically closed field
of characteristic zero. It should first be noted that our notion of fundamental
system of roots then coincides with the traditional notion of a fundamental
system, namely, a linearly independent set of roots such that every root is a
linear combination of this set with nonpositive integral coefficients or a linear
combination of this set with non-negative integral coefficients. For by Lemma
24 of (C), a fundamental system in the sense of (C) is a basis for §* if the
base field is of characteristic zero, and in this case every root is either a non-
negative or nonpositive integral combination of the system by Lemma 1
above. Conversely, if § is algebraically closed of characteristic zero and if
a1, + - -, a, is a fundamental system for { in the traditional sense, then the
matrix (ei(h;)) =(4:-1) is known to be indecomposable and nonsingular
(see [5;6;16]),and au, « - -, @, spans $* by definition. Since § is of char-
acteristic zero, and since there are only finitely many roots relative to 9,
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no string of roots 3, f—ai, -+ - L—ay—a,— * -+ —ay, + - - can continue
indefinitely. Hence there must be a root & such that no 6 —a; is a root. But
then 8 is the highest weight of the adjoint representation of ® on itself relative
to the fundamental system —oay, —ag, + -, —a, (in the traditional sense).
Since this representation is irreducible by the simplicity of €, no other weight
(root, in this case) ¥ can have the property that no y—a; is a root (see
[1; 16; 18]). Thus the two senses of fundamental system are equivalent for L.

Let A be a linear function on $ such that A(k;) =m,-1, where the m,,
1 =<7 =7, are distinct positive integers. Then there is an irreducible represen-
tation of § with highest weight A (relative to a1, + - -, a,; see [1; 8; 16; 18]
for the results on representations used in this paragraph). Since each SEBR
is linear, nonsingular, and permutes the roots, it follows that a1S, - - -, ;.S
is a fundamental system for each SE. Conversely, if B, - - -, B is a
fundamental system, then s=dim $=r, and our irreducible representation
of ® has a unique highest weight M relative to 81, - - -, B,. Then M is an ex-
treme weight in the sense of §4 of [1], from which it follows that there is an
SEW such that MS=A. Now MS=A is the highest weight relative to
BiS, - - -, B.S. If y=B.S is not a positive root (relative to ay, * - -, a,) for
some 1, then y = _m;a;, n; integers <0, some n;<0. Let < [L_,L, ], v(k) =2.
Then h= Y _p;h;, p;EF. From ax(h) =2(ax, v) (v, ¥)~!, where the scalar prod-
uct is that induced on $* by the Killing form on $, we obtain

ax(h) = E pid; = 2(v, 7)™ 22 niow, aj)
7

J

IA

= (v, V™! 2 ni(as, @) Ani, lsksr
J

By the nonsingularity of the matrix (4;), p;j= (v, ¥) e, aj)n;, 1 =j=<r, and
for all roots «, (@, @) is known to be a positive rational number (identifying
the rationals under the only possible isomorphism with the prime field of §)
[16]. From 0=2(A, v) (v, ¥)"'=A(k) = X_; pym;, we have D_; mn;(a;, ;) 20.
But all m;>0 and all (o, o) >0, so that »; mn;(a;, ;) <0, a contradiction.
It follows that each B;S is a positive root with respect to au, - - -, e, and
conversely each «; is positive with respect to 1S, - - -, 3.S. An elementary
argument shows that this is impossible unless 815, - - -, 8,S is a permutation
of a, + - -, a,. Thus every fundamental system is an image of ay, - - -, o,
under ®. If SEW permutes ay, - - -, a,, then AS=A is the highest weight
relative to a1S, - - -, @S and if a;S=ay, ¢ a permutation of (1, - - -, r),
we have AS(kiy) =A(h;), all 7, or A(hiy) =A(h:), all <. Since all A(k;) are dis-
tinct, 4 =1 for all 4, and S is the identity. The uniqueness assertion of the
theorem now follows in this case.

(The referee has pointed out that in case § is the complex field, a proof
ol the assertions of the theorem which is independent of some of theresults
cssential to the argument above has been given by Satake [20]. For the next
part of the proof one can take the field € to be the complex field and can ap-
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ply Satake's result instead of the above.)

Now let®, §, O, a1, - - -, ar, B, and By, - - -, B, be as in the statement
of the theorem. Then there is a simple Lie algebra I over an algebraically
closed field € of characteristic zero with standard Cartan subalgebra & and
fundamental system of roots af, - - -, a/ relative to ® such that 4./,
=Aa;,e; 151, j=r (see Theorem 6 of (C) and, for example, [5; 8; 19]). Let
W' be the Weyl group of I relative to & (generated by the S.;). Let the
correspondence $—3’ and the isomorphism 7 of T onto W’ be as in Lemmas
3-5.

If B is any root relative to  (8#0) and v is any other root, then v.Sg
=v—A4,80. We wish to show SsEB. But v'Sg-=vy'—A4, gB' =v"—A, 48’
and Sz €W’ by our earlier remarks based on [16]. If T=S;-l, then (yT)’
=y'T=v'Sg-=v"—A, 48, so that yT=v—A4, s8=7Ss for all roots y. Thus
Seg=TEW, and Sg=Ss-. It follows that W is independent of the fundamental
system ay, - - -, a, used in its generation. If B, - - -, B, is a second funda-
mental system relative to 9, then by Lemma 4, 8/, - - -, 8/ is a fundamental
system relative to ®. Hence r=s by the results at characteristic zero, and
there is a unique UEW’ such that B/, - - -, B/ is a permutation of
alU, - -,a! U Let S=U""'EW. Then (iS)' =a!S"=a!{ U, 15i<r, and
(S)’, - - -, (sS)' is a permutation of B/, - - -, B/. Hence 1S, - - -, a,S
is a permutation of By, -+ +, Br. If T, - - -, & T is also a permutation of
Bi, - - -, Br, where TEW, then (uT)’, - - -, (a.T)’ is a permutation of
B, --,B/ ie,alT", -+, a/Tris a permutation of 8{, - - -, B!. Hence
T*=U=S",and T=S. Finally if SE, then ST€W’,and a/ S, - - -, ! S"
is a fundamental system relative to &. That is, (a1S)’, - - -, (@,S)’ is a funda-
mental system relative to 8. By Lemma 4, a4S, - - -, .S is a fundamental
system relative to 9, and the proof of Theorem 2 is complete.

ITII. Automorphisms mapping a Cartan subalgebra into itself. Let € be
simple, § a standard Cartan subalgebra, o4, - - - , @ a fundamental system
of roots relative to $. Let k; be as before, i.e., 7€ [R,2_4,], ai(h)=2,
1547, and let €.,ER,;, €_o,EQ a,, With [e_oea,] =h.. Let 05£e3E 24 for each
of the remaining roots 3. Then the k; span §, and the %; together with all the
easpan € ((C), (xii) and Lemma 23). Also if @ —v, we have [eaty] = N .10t
where N, y&FH, Na,,#0 if and only if e+ is a root ((C), (xii) and (xiii)).
Let X520 be an element of §, D;=ad(e.,). We compute the effect of the
automorphism 4;(A) =exp (AD;) on 9.

Now 9 has a basis consisting of #; and a set of vectors & such that a;(k) =0.
For the latter, we have AD;= [hes,]= —a;i(h)e.,=0, so that hA;\)=h if
ai(h) =0. Also, k:D;= [hiea;]| = —ati(hi)ea;= — 26a;, and kD3 = —2[e4;ea;] =0.
Hence ;4 :(\) = hi— 2\e,,. Further, we note that e,,4;(\) =e,,, and that

A2
(5) e—a;Ai(\) = e_o; + )\[e—a;ea.'] + ; [[e—a.‘eai]ea.']

= €y + M — Nleo;.
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Next let B;(u) =exp (u ad(e—a,)), uEF. Then if a;(h) =0, BA.(N)Bi(u) =h
as before. Also

hidi(N)Bi(p) = (hi — 2\es;) Bi(w)
= hiBi(u) — 2Nea; Bi(w)
= Ji + 2ue_a, — 20New, + i + 2hute_e,
= 2u(l 4+ M)e—o; + (1 + 2M) 7t — 2es,.
In particular, k4 ;(N)Bi(—N"1) = —h;—2\ey;, and
(6) hA;N)Bi(—X"1) A:(\) = §if ai(h) = 0;
@) hidi{AN)Bi(—AN"DA:) = — hi + 2Nea, — 2New; = — b

Thus T(\, 2) =A:(\)B;(—A\"1)A;(\) is an invariant automorphism 7 mapping
$ onto itself, with kr =k if a;(k) =0, and with ;7= —h,. If @ is any root rela-
tive to 9, a” is defined by a’(kr) =a(h) for all k& 9. Since =9, a" is also
aroot relative to 9, with a7(k) =a(h) if a;(h) =0 and with a*(k;) = —a(h;). If
a;(h) =0, we have (aS;) (k) = (a — a(h;)a;) (h) = a(h), and we also have (aS;) (k;)
=a(h:) —a(h)o(h;) =a(h;) —2a(h;) = —a(h;). Thus a"=asS; for all roots a.

Now let ¢ be any automorphism of ¢ mapping $ onto $. Then
af, + -+, af is a fundamental system of roots relative to Ho =9 by Theorem
1. Therefore, by Theorem 2, there is a unique SE W such that &S, + - -, .S
is a permutation of af, - - -, of. If $=S;; - - - Sy, where Si;=S.,;, 1=54;=7,
and if \;;, 1 £4;=<7, are nonzero elements of §, let 7=T(A;,, 21) + - TNy %x).
Then 7 is an invariant automorphism of  mapping $ onto 9, and a”=asS for
all rootsa. Thusaj, - - -, o are a permutationof aj, - - -, af, and a‘l"_l, cee,
oz‘,"_l is a fundamental system which is a permutation of ai, - - -, .. In
addition, it follows from Theorem 1 that if B,-=a',"_l, 1=i=r, then 4p,p;
=Aa;.aj 121, j<7. Thus we have proved the following theorem:

THEOREM 3. Let & be a simple Lie algebra of classical type, © a standard
Cartan subalgebra, au, - - - , o, a fundamental system of roots relative to §. Let
o be an automorphism of & such that Ho=9. Then there is an invariant auto-
morphism 7 of R such that $7=9, and such that if Bi=al" ', 1<i<r, then
By, - - -, B, is a permutation of an, - - -, o, With A, g;=Aa; e 121, j=7.

Next let ay, - - -, @, and B1, - + +, B, be as in Theorem 3, with B;=ay,
¢ EZ,, the symmetric group on 7 letters. Then Ay o =A44, 154, j<r. That is,
the matrix with 44 4 as the entry in the ith row and jth column is the matrix
(4;), or the Schlifli diagram of the (ordered) system g, - - -, arg is the
same as that of ey, - - -, &,. Thus a;—a;s effects a symmetry of this diagram
(or of the corresponding matrix). (The diagrams by themselves do not dis-
play completely the matrices (4;);in case a triple or double line is included,
one must also consider the integers corresponding to its pair of endpoints.)
Examination of the matrices of Table 2 of [6] (see note below), or of the
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diagrams of (C), shows immediately that ¢=1¢ for all i except in case
oy, * - -, a, is of one of the types 4, (r=2), D, (r=4), Es. lf s, - - -, ar is of
type 4., and is labeled as in [6] or in (C), we have either i¢p =1 for all 4, or
ip=r-+1—1 for all <. Similarly, if oy, - - -, ar is of type D, (r=5), then either
ip=iforalls,orip=iforalli<r—2,and r —1)p=r,r¢=r—1.lHay, - -, 05
is of type Es, then either ip=1 for all 4, or 6¢ =6 and ip=6—1, 1=<¢=5. If
oy, - -, oy is of type Dy, then 2¢ =2, and 1¢, 3¢, 4¢ may be any one of the
six possible permutations of 1, 3, 4.

NotE. In Table 2 of [6], we have 4;=g¥ for all 4, j in all cases except the
following: In B, A.;j=g"/2,1<j<n;in C,, A;j=g"/2,1Z¢=n—1,15j=<n;
in Gy, Ae;=g%/3, j=1, 2; in Fy, A;;=g"/2, 1£j<4, 1=3, 4. The inverse
matrix (Bj;) to (4;) coincides with Dynkin’s matrix (g.s) except as follows:
In B, Bin=2gin, 1=1=n;in C,, B;j=2g;4, 15i=n, 1£jSn—1; in G,, By
=3gi2, ’i=1, 2; in F4, B¢j=2g,’j, 1§l§4,]=3, 4.

In any case, we have e, 017 !'=pu,es, and e_.,07 ' =vr,e_5,, 1 Si=r, where
pi#0, v;#0. [e_aea;Jor™ ' =hior™" and

aig(hior™?) = oo (hiot™?) = ay(hi) = 2.
Moreover
[e—asta;Jor™t = [ea,0m7), eaor™!] = vinile_pes,] € [Rp,25,].
Hence
le—aiba]or™ = hip = [e-gie8,] = vinile_gien],

vimi=1, v;=u; . Thus we see that w=0¢7"! is completely determined on the
¢_q; by the nonzero scalars y;, - - -, u,. Since the e,; and the e_,; generate &
(by Lemma 1 above, (xii), (xiii) and Lemma 23 of (C)), w is completely deter-
mined on ¢ by the nonzero scalars w1, - - -, u,. Summarizing, we have:

LEMMA 6. Let w be an automorphism mapping O onto O and such that
of =ais, 1 S1=7, where & Z,. Then w is completely determined by the permuta-
tion ¢ and the scalars py, - - -, pr.

IV. Automorphisms leaving a Cartan subalgebra fixed. We begin by in-

vestigating more closely the invariant automorphisms 7=T(\, 7) for A50.
We have

e, = €, B(—N"NA.(N) = (ea; + Nhe — N 2e4;) A:(N)
®) = €q; + Ny — 2€4; — N %o, — NV F €y = — N2,
o, 7 = (€—a; + Mt — Neo) B{(—X") 4:(\)
9) = (e—a; + Mei — 26_a; — Moy — Mz + e} A:(N)

= - A‘lcaixll[(}\) = - AQ('(Y['
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Let B be a root, 87 + a;, B—a; not a root, f+a; a root.
CASE 1. Ap,.;= —1. Here esr belongs to the root f7=pS;=0+a;; B+2a;
is not a root, and we have
esr = e A;(A\)Bi(—A"1) Ai(A) = (es + ANp,a;68+0;) Bi(—A"1) 4:(N)
= (es + ANp,a;81a; — Np.a;Vpras—ais) Ai(N)
= (1 — Np,a;Ngto; —a,)e8
+ A1 - Nﬁ,asNHa;-—a;)Nﬂ.aseHn.' + ANg,a;€8+a;-

Since esT €244, the coefficient 1 — Ng o, Npta;,—a; Of €g must be zero; that is,

(10) Nﬁ,a;Nﬂ+a,~,——a.~ =1,
and
(11) €57 = ANp,a;€ota;

CASE 2. Ag,o,= —2. Here esr belongs to 8S; =B+ 2a;, B+ 3, is not a root,
and

2

T = (Cﬁ + ANg.ai€4a; + oY Nﬁ.asNﬂ+a;,aseﬂ+2a.’> B{(—A")4:(N)

x?
= <6ﬂ + ANs.aip+a; — Vp.a;Notas,—ais + oYl N aiNp+ai.ai€8+2a;

A

- E Nﬁ.a.-Nﬂ+a,~.a.- Nﬁ+2ac —a;€Bta;

1
+ F Nﬂ.aiNﬂ+ai .a;Nﬁ+2ai-—asNﬁ+aiv-adeﬂ) Ai()‘)'

The coefficient of eg in esr, when the latter is written as a linear combination
of root vectors, will be the same as that in egA:(N\)B;:(—\"1), namely

1
(12) 1 - NﬁiasNﬂ-l-a.'»—as + E"; Nﬂ-a.’Nﬂ+a;,a;Nﬂ+2ui.—aeNﬁ+an—a"’

and therefore this will be zero. Therefore

1
€T = <>\Na,a.» (1 7 Nn+a.~.aJVa+2a.~.-a.~) €Bta;

A2
+ ET Nﬂ,a;Nﬁ+ai-aieﬂ+2ai> A:N).

But now, as above, the coefficient of eg,., in this expression must be zero, i.e.
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(13) Neraja;Npr2as,—a; = 2.
From the fact that (12) is zero, we now conclude, using (13),
(14) Np.a;Notas—a; = 2,
and egr is A2/2Y)Ng a;Npta;,a€8+22,4:(N); that is,
A2
(15) % = o7 Np,aiNpta,ailp2a;-

CasE 3. 4g,4,= — 3. Here ¢ belongs to B+ 3a;, f+4«; is not a root, and

2
€T = (eﬂ + ANg,a84a; + 21 Np,a;Npta;,ai€sr20;

A3 .
+ 31 Na.a;Nﬂ+a.-.a.-Nﬁ+2a.-.a.-Cﬁ+3a,-) Bi(—N)14.(\)

= (eﬁ + AN wlsra; = Np,a;Npsai—aits

A2 A
+ 5" Nﬂ,a;NﬁwLae»«ieﬁ-*—’lac - —2—[ Nﬁ-“iNﬂ'H'a’-“‘Nﬂ+2ai:—aieﬁ+a

+ E"; Nﬁ.aﬁfvﬂ+a;.a;Nﬂ+2a;,—a;Nﬁ+ai,—aieﬁ

>\3

+ 3_| N.a;Vptai oV 84 20i,0:€8+3a;

A2
- ; Ng,a;Novaia; Nor2ei,a; Vo130, —a 08420,

A
+ —;3_' A/ﬂvuiNﬁ““ai:“iNﬁ+2ai-aiNﬁ+3ai-“"i]Vﬁ‘f'W'iv““ieﬂ‘l a

1
BT Na.a;Nﬁ»fa;,a.»Nﬁna;.a.Na+3a.~.—a,~Nﬁ+2a.~.-a.-Nﬁ+n.-.—a.-cﬁ) AiN).

As in Cases 1 and 2, we find from observing in turn that the coefficients of
€8, €fra; €8+2q; IN g7, hence in egA ;(N)Bi(—\"'), must be zero, that

(16) Noi2as,0;Vp430i-a; = 3,
(17) NgvajaiVpr2a;—a; = 4
(18) Ng,a;Npsaj—a; = 3,

and finally that
X
(19) egT = 3 Ng.a;Nota;a;Np+ 24,063+ 3a;-
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Now let y# ta; be a root such that y+4«; is not a root. If y—e; is not
a root, then e,7=e¢,T (), 7) =e,. Otherwise, we have three cases:
Case 1. 4, o,=1. Here y"=v—a;, ¢,7EL,—q;, ¥— 20, is not a root, and

67A,'()\)Bi(—>\—l)Ai()\) = e«,Bi(—)\“l)Ai()\)
= (e‘i - )‘_IN‘V.—aeev—ai)AiO‘)
= — N'WVy_alya; + (1 — ]\T%—MN'Y—a.'.ai)ev-

As in Case 1, we have

€T

(20) Ny—aiNy—aya; = 1,
and
(21) eyt = — NN, o iy—a;.

Cask 2'. A, «,=2. The procedures established in the preceding cases vield
(22) N‘Y—a.‘,—aiN*r—2a,~,a,~ = 2,
(23) Ny aiVy—aia; = 2,
and

—2

) or = 2! Ny mailV y—a—aiCr—2ais

Cask 3'. 4,,.,=3. As in previous cases, we find

(25) A"y—?a,-,—aiNy—aa‘,a‘« = 3,
(26) ]\T‘y—a.'.—nt,'N-y—hv,-,a,» = 4,
(27) N’Y:—aiN‘Y—aMt.’ =3,
and
_A-K
(28) €T = ZV‘Y.—ar.‘N7—a;.—a;N'y—2a,~,-—rx,-ey—sai-

3!

In particular, the primed cases apply when 8 is as in Cases 1, 2, 3
and ’Y—'—'ﬁS.':B—Aﬁ_a'«OZ,‘. Then A‘/,a;=Aﬂ,a;_Aﬂ,aiAa,-,a;=Aﬁ,ai_2Aﬂ,a;
= —Ag .. Thusif Bis as in Case 1, 2, 3, then y=8S; is as in Case 1/,2’, 3,
respectively, and the Equations (20), (22), (23), (25), (26), (27) are corollaries
of the respective Equations (10), (14), (13), (18), (17), (16).

Now let w= U\, ©)=T, ©9)T(—1, 2). Then if a;(k) =0, we have hw="r,
and hw= —h;T(—1, 7)=h;. Thus w is the identity on $. Moreover, a*
= (aS:)S;=aS;=a for all roots . By Lemma 6, w is completely determined
by its effect on the eq;, 1=j=r. By (8) and (9), we have

= ea T\, DT(—1,4) = — N2 g, T(—1, 3) = \2q,:

Cq;w = )\_28(:‘ = )\—Aiiea‘.

(29)
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If B# + o, and if B—c; is not a root, we have:
For 45,4,=0:

(30) egw = eg = N "4Baieg
by the remark following (19).

For Ag,a;=—1:

egw = )\I\Ip,a‘.e,g.'.a;T(—l, 1) = )\]V,g,a..Np.'.a.-,_a.-eg = )\ep,

by (11), (21), and (10). Thus
(31) egw = Aeg = N 4B,miep.

For Ag,a;=—2:

AZ

pw = ?" Npa;Npta;,aitsrza; T(—1, 9)

2

F ‘Nﬁ.ail\rﬁhr.',aiNﬂ+2a,‘.—ai1VB+ag.—a.‘eﬁy

by (15) and (24). Now, applying (13) and (14), we have

(32) eg = Neg = N 4Baieg.
For Ag..;=—3:
2\e
Cpw = 3"‘ Np.a;Notai.aiNotra; aifsrsa; T(— 1, 1)
A3
= 3_'2‘ Nﬂ.a.'NB+aivasNﬁ+2ai-a;Nﬁ+3a;,—aeNﬁ+‘-’ai.—a<A73+a.'.—a.'eB,

by (19) and (28). Using (16), (17), and (18), we obtain
(33) epw = Neg = )\_Aﬁ,d;ep.

From (29)—(33), we see that for all j, 1 Zj=r,

(34) a0 = N 4iie,,.

Now if Ay, - -+, N, are nonzero elements of §, and if n=U\, 1) - - -
U\, ), we have hn="h for all hE D, and
(35) € = (H xf“") Cay 17

1=1

The determinant d= lAijl has been seen in (C) (Lemma 11) to be r+1, if
ay, - - ,arisof typeAd,;2,ifay, - - -, o, isof type B,, Cror E7; 4,if o, - - -, r
is of type D,; 3, if as, - - -, @, is of type E¢; 1, if oy, - - -, e, is of type Gs, Fy

or Es. Hence there are rational integers By, 1 =14, k<7, (which can be found
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from Table 2 of [6]), such that

> A;By = bpd = > Bjda,
=1 =1
1=j, k<r. Thus if \i= [ [;-, pi %, (35) becomes

r r —Bg —A;;
e“in = H < H Pk ) ea_,'

=1 \ k=1

_ (H H p;‘i;&w) a;

=1 k=1

(36)
r - AjiBi Z;=4;iB;
= (LMLoY en = (TL o),
k=1 =1 k=1
= (H p:jkd> Ca; = P‘;ea,', 1<j=r.
k=1

If ¢ is any automorphism of € such that o= 9 and such that of =«;, we
have seen in Lemma 6 that ko =# for all k€ 9, and that ¢ is completely de-
termined by the scalars u;0 such that e,,0 =pujea;, 1 =j<r. But if each u; is
a dth power in §, say u;=p}, 1 <j<r, and if we set

(37) y=11a"", 1gisy,
k=21

andg=UN, 1) - - - UN,, 1), then we see by (36) that 7 is an invariant auto-

morphism which coincides with ¢ on  and on e, - - -, €.,. Consequently

o =7 is an invariant automorphism. We have thus proved the following:

THEOREM 4. Let & be a simple Lie algebra of classical type, O a standard
Cartan subalgebra. Let ay, - - -, o, be a fundamental system of roots relative to
D with matrix (A;;) having as determinant the natural number d. Let o be an
automorphism of & such that Ho=9 and of =a;, 1 =1 =r. Suppose further that
a0 =Wia;, 1 S1=Z7, where each u; is a dth power in §. Then o is an invariant
automorphism, and an explicit expression for ¢ may be found by the fact that
g =, where 1 is constructed as in (37), with the U(\;, 1) as defined above.

COROLLARY 1. Let § be algebraically closed, and let &, O and o, - - -, «,
be as in the statement of Theorem 4. Let o be any automorphism of ¥ such
that o =9 and of =a;, 1 £i=<r. Then o is an invariant automorphism. More-
over, if w1, - - -, M, Qre any nongero scalars and e., any nonzero elements of
R, 1=Zi=7r, there is an invariant automorphism n such that hn="h for all
hED and ean=pi€a, 1157,

COROLLARY 2. Let &, ©, an, - -+, o, be as in the statement of Theorem 4, and
suppose that  (or an, - - -, ar) 15 of one of the types Gy, Fus, Es. Let o be any
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automorphism of & such that Ho= and af =a;, 1 S1=r. Then o 1is an invariant
automorphism; in fact, the condition of =a; can be omitted from the hypotheses
without changing the conclusion.

Proof. In these three cases, d =1; here § contains dth roots of all elements.
Thus the first part of the corollary follows from Theorem 4. If $o =, then
by Theorem 3, we have $or—'=9, and the of"  are a permutation of the
«;, for some invariant automorphism 7. By the remarks following Theorem 3,
this can only be the identity permutation in these cases. Hence g7—! is an
invariant automorphism by the first part of Corollary 2, and therefore ¢ is
an invariant automorphism.

V. The algebraically closed case. Let £, 9, and a3, - - -, o, be as above,
and let the base field § be algebraically closed. Let o be an automorphism of
{. Then by Theorem 1 there is an invariant automorphism 7 such that
Hor1=9. Then or~! maps a4, - - +, &, onto another fundamental system
with respect to 9, and by Theorem 3 there is an invariant automorphism w
of € such that Hor~lw'=9 and such that o7~'w~! permutes the system
oy, - -+, o Let ¢ be that permutation of the indices 1, - - -, 7 such that
0Tl =y, 151 =7 Let 07#e,,E8;, 12457, and let ea,07 0™ =pieq,,
1=¢=r. Then by Corollary 1, there is an invariant automorphism 7 such
that Yor~ w9~ '=9 and such that Caiyl =MiCasy, 1<:=r, or Bi€aiy ™' =€ayy;
that is, €207 w7 = e,,,, 1 Si=r. Thus o7~ lw~'9~! is an automorphism of
€ mapping $ onto O and eq, onto eaq,y, 1 St =7. If ¢ is the identity permuta-
tion, we see by Lemma 6 that o7~ 'w~ 97! is the identity automorphism, and,
by III, this is necessarily the case unless € is of type 4, (r=2), D, (r=4), or
Es. Thus ¢ =nwr is an invariant automorphism except in these cases, and we
have proved:

THEOREM 5. Let § be algebraically closed, and suppose that R is not of type
A, (rz2), of type D, (r=4) or of type Es. Then every automor phism of ® is an
invariant automorphism.

In general, let 3 be the group of invariant automorphisms, and consider
the automorphism o7 'w=9~! mapping  onto  and e,, onto €aiyy 1 Si=7.
Such an automorphism exists by the proof of Theorem 9 of [13] and is
unique by Lemma 6. Let us denote this automorphism by {(¢). Then
o ={(P)nwr EL(P)J. In case ®is of type 4, (r=2), D, (r=5), or Eg, there are
only two possible values for ¢, consequently for {(¢); hence & is a subgroup
of index at most two in the full automorphism group . In case f is of type
D,, J is a subgroup of A of index at most 6. In any case, ® is readily seen
to be a normal subgroup of A. With the exception of the case where  is of
type Eg, it is known that the indices are precisely 2 and 6, respectively, and
in case  is of type Eg, the results in the complex case indicate that the index
is 2. The author proposes to elaborate on the results for the individual simple
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algebras in a sequel to this paper. Our results for the algebras not covered by
Theorem 5 are as follows:

THEOREM 6. If § s algebraically closed and if R is of type A, (r=2) or of
type D, (r=5), then the invariant automorphisms form a subgroup of index 2
in the full automorphism group. If & is of type Dy, the invariant automorphisms
form a mormal subgroup of index 6 in the full automorphism group, and the
quotient group is the symmetric group on three letters. If L is of type Es, the indi-
cated index is 2.

BIBLIOGRAPHY

1. E. Cartan, Les groupes projectifs qui ne laissent invariante aucune multiplicité plane,
Bull. Soc. Math. France vol. 41 (1913) pp. 53-96.

2. C. Chevalley, Sur certains groupes simples, Téhoku Math. J. vol. 7 (1955) pp. 14-66.

3. C. W. Curtis, Modular Lie algebras 1, Trans. Amer. Math. Soc. vol. 82 (1956) pp. 160-
179.

4, , Modular Lie algebras 11, Trans. Amer. Math. Soc. vol. 86 (1957) pp. 91-108.

5. E. B. Dynkin, The structure of semi-simple algebras, Amer. Math. Soc. Translations,
Ser. 1, no. 17.

6. , Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc. Transla-
tions, Ser. 2, vol. 6, 1957, pp. 111-244.

7. F. Gantmacher, Canonical representation of automorphisms of a complex semi-simple Lie
group, Mat. Sb. vol. 5§ (47) (1939) pp. 101-146.

8. Harish-Chandra, On some applications of the universal enveloping algebra of a semi-simple
Lie algebra, Trans. Amer. Math. Soc. vol. 70 (1951) pp. 28-96.

9. N. Jacobson, Simple Lie algebras over a field of characteristic zero, Duke Math. J. vol. 4
(1938) pp. 534-551.

10. , Cayley numbers and simple Lie algebras of type G, Duke Math. J. vol. § (1939)
pp. 775-783.
11. , Classes of restricted Lie algebras of characteristic p, I, Amer. J. Math. vol. 63

(1941) pp. 481-515.

12. W. H. Mills, Classical type Lie algebras of characteristic 5 and 7, J. Math. Mech. vol. 6
(1957) pp. 559-566.

13. W. H. Mills and G. B. Seligman, Lie algebras of classical type, J. Math. Mech. vol. 6
(1957) pp. 519-548.

14. G. B. Seligman, On Lie algebras of prime characteristic, Memoirs Amer. Math. Soc., no.
19, 1956.

15.
558.

16. Séminaire Sophus Lie, mimeographed notes, Ecole Normale Supéricure, Paris, 1954~
1955.

17. M. L. Tomber, Lie algebras of type F, Proc. Amer. Math. Soc. vol. 4 (1953) pp. 759-768.

18. H. Weyl, Theorie der Darstellung kontinuierlicher halbeinfacher Gruppen durch lineare
Transformationen 11, Math. Z. vol. 24 (1926) pp. 328-376.

19. E. Witt, Spiegelungsgruppen und Aufzihlung halbeinfacher Liescher Ringe, Abh. Math.
Sem. Univ. Hamburg vol. 14 (1941) pp. 289-337.

20. 1. Satake, On a theorem of E. Cartan, J. Math. Soc. Japan vol. 2 (1951) pp. 284-305.

, Some remarks on classical Lie algebras, J. Math. Mech. vol. 6 (1957) pp. 549-

YALE UNIVERSITY,
NEw HAVEN, CONNECTICUT



